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We consider different M2-brane configurations in the M-theory AdS-j x 5 4 background, with 
field theory dual Ajv— i(2, 0) SCFT. New membrane solutions are found and compared with the 
■ recently obtained ones. 
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1 Introduction 

The paper dl by Gubser, Klebanov and Polyakov on the semi-classical limit of the AdS/CFT 
duality has inspired a lot of interest in the investigation of the existing connections between the 
classical string solutions, their semi-classically quantized versions and the relevant objects on 
the field theory side. Different string configurations have been considered, describing rotating, 
pulsating or orbiting strings. Much attention has been paid to string solutions in type IIB 
AdS§ x S 5 background with field theory dual M = 4 SU(N) SYM in four dimensional flat 
space-time. Moreover, the string dynamics has been investigated in many other string theory 
backgrounds, known to have field theory dual descriptions in different dimensions, with different 
number of (or without) supersymmetries, conformal or non-conformal. Besides, membrane solu- 
tions in M-theory backgrounds have been obtained - In [2] - jlj, M2-brane configurations 
have been considered in AdS-j x S 4 space-time, with field theory dual Aat_i(2,0) SCFT. Ro- 
tating membrane solution in AdSf have been obtained in Rotating and boosted membrane 
configuration was investigated in [2]. Multiwrapped circular membrane, pulsating in the radial 
direction of AdS-j, has been considered in [I]. The article [3] is devoted to the investigation of 
rotating membranes on G2 manifolds. 

Here, we will be interested in obtaining new membrane solutions in AdS-j x S 4 M-theory 
background. In section 2, we give brief description of the recently received M2-brane solutions 
in this space-time. In section 3, we firstly settle the framework, which we will work in. 1 Then, we 
proceed to find several M2-brane solutions, based on two different types of membrane embedding. 
The generic formulas, necessary for our calculations in this section, are collected in appendix. 

1 Actually, we will use the general approach developed in 0. 
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2 Short review of the recent M2-brane solutions in AdSi x S 4 



Let us review briefly some of the results obtained recently in [2| - [I], concerning the M2-brane 
dynamics on AdS-j x S background. 

In j^j, a rotating membrane in AdSj was considered. The background metric is taken in 
global coordinates 

ds 2 AdS 7 = ~ cosn2 P dt;2 + d P 2 + sirm2 P dQ 2 + sin 2 9 (deft 2 + sin 2 (ftdTlf) . 

The M2-brane worldvolume coordinates are (r, a, ip) and the rotating membrane configuration 
is given by the ansatz 

t = r, P = p(a), e = e(<p), <i> = ut. (2.1) 

Therefore, the metric seen by the M2-brane is 

ds 2 = - cosh 2 pdt 2 + dp 2 + sinh 2 p (d9 2 + sin 2 6># 2 ) . 

This background does not depend on the coordinates t and (ft, which leads to the conservation 
of the corresponding generalized momenta - the energy and the spin of the membrane. For the 
configuration (|2.1|) . they were found to be 



pa 



E = AN / dp d9 



02 



cosh 2 p sinh p 



cosh p — u) 2 sinh p sin 2 



s = ANoj / dp d9 



02 



sinh 3 p sin 2 9 



cosh p — u) 2 sinh p sin 2 



Rotating and boosted membrane configuration was investigated in [H]. The following coor- 
dinates for the AdSj x S 4 metric have been used 



l p 2 ds 2 AdSrxS 4 = 4R 2 j— cosh 2 pdt 2 + dp 2 + sinh 2 p (dip 2 + cos 2 ipidip 2 + sin 2 iftidQ 2 ^ 



1 r 

+ 4 



O 0/0 o r 

do + cos + sin a((f/3 + cos /3ci7' 



(2.2) 



O O Q 

dtft 3 + COS Ip^dlp^ + COS V3 cos "04 ^"05 ; -R = T 1 "-^- 



The coordinates which parameterize the membrane worldvolume are chosen to be (^1,^2^3) 
(r, S, a). Then, the considered M2-brane embedding can be written as follows 



t = kt, p = p(cr), tfti = 7r/4, ip2 = V2a5, ip$ = V^wt, 9 = 2z/r, 
and all other coordinates set to zero. Hence, the background felt by the membrane is 



(2.3) 



ds 2 = {2l p Rf 



cosh 2 pdt 2 + dp 2 + ]- sinh 2 p (dip?, + dipf^j + ^-dO 



This metric does not depend on four coordinates - t, ip2, ips and 9. The conserved quantities, 
corresponding to the Killing vectors d/dt, d/dips and d/d9, have been obtained to be given by 
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the equalities 



E 



4R 3 /" 

K 

IT 



sinh p cosh 2 pdp 



4i? 3 fPo 

S = oj \ 

vr Jo 



J 



4R 3 



7T 





— u 2 ) cosh 2 p — (lo 2 — v 2 


sinh 2 p 




sinh 3 pdp 




vv 


— v 2 ) cosh 2 p — (uj 2 — v 2 ) 


sinh 2 p 




sinh pdp 




\/(« 2 


— v 2 ) cosh 2 p — (u> 2 — v 2 ) 


sinh 2 p 



It was pointed out in j3] that there exists the following connection between the energy E, the 
spin S and the i?-charge J of the membrane 



E 



-S + -J. 

U> V 



Then, this constraint has been used to determine the dependence of E on S and J. 

Another type of M2-brane configuration - multiwrapped circular membrane pulsating in the 
radial direction of AdSt, has been considered in The coordinates on AdSj x S A and on the 
M2-brane worldvolume are chosen as in jHJ. The membrane embedding is given by the ansatz 



t = r, p = p(r), ^i=7r/4, ip 2 = V2a5, ip 5 
It follows from here that the metric seen by the M2-brane is 

ds 2 = {2l p Rf 



y/2 



ma. 



(2.4) 



(2.5) 



(2.6) 



cosh 2 pdt 2 + dp 2 + — sinh 2 p (dip 2 , + dij) 2 ^j 
The relevant action for such membrane configuration reads [I]: 

I = — (2i?) 3 am J dt sinh 2 p\j cosh 2 p — p 2 . 

3 New M2-brane solutions in AdS 7 x S 4 

In considering the M2-brane dynamics, we will use the following action for a membrane moving 
in curved space-time with metric tensor gMN(x), and interacting with a background 3-form 
gauge field b M Np(x) 



d 3 ££ 



1 



(3.1) 



9MN (X) (d - X%) X M [do - Xdj) X 1 

- (2X°T 2 y det (g M N{X)d t X M d j X N )] + T 2 b M Np(X)d X M d 1 X N d 2 X 1 

£ = (£°,£\a = (T,<5,a), d m = d/dr, 
m = (0,i) = (0,1,2), M = (0,1,... ,10), 

where A m are Lagrange multipliers, x M = X M (£) are the membrane embedding coordinates, 
and T 2 is its tension. This action is classically equivalent to the Nambu-Goto type action 2 



S NG = -T 2 J d 3 £ 



det (d m XMd n X"g MN (X)) - \e m ^d m X M d n X N d p X p b MN p(X) 

o 



,(3.2) 



2 Namely this action has been used in - @]. 
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and to the Polyakov type action 

S P = -y J A{\/ = 7 [ 1 mn d m X M d n X N g MN (X) - 1 

as shown in [Sj. 

We choose to work with the action (|3.1|l . because it possesses the following advantages. First 
of all, it does not contain square root, thus avoiding the introduction of additional nonlinearities 
in the equations of motion. Besides, the equations of motion for the Lagrange multipliers X m 
generate the independent constraints only 

Goo - 2XG 0j + X^Gij + (2A°T 2 ) 2 det (Gij) = 0, (3.3) 
Goj — \ % Gij = 0, 

where 

G m n — d m X d n X 9mn(X) (3.4) 

is the metric induced on the membrane worldvolume. Finally, this action gives a unified descrip- 
tion for the tensile and tensionless membranes, so the limit T 2 — > may be taken at any stage 
of our considerations. 

Further on, we will use the gauge X m = constants, in which the equations of motion for X , 
following from (|3.1|) . are given by (G = det (Gij)) 

9ln [(do - \%) (do - X j dj) X N - (2A°T 2 ) 2 % (GG*djX N 



MN 



(do - A*$) X M (d - X j dj) X N - (2A°T 2 ) 2 GG ij diX M djX N 



where 



2A T2Hlmnp9qX d\X <9 2 A , 



^L.MN = 9LK^MN = g (^M9NL + 9n9ML - digMN) 



are the components of the symmetric connection compatible with the metric g\iN and Hlmnp 
is the field strength of the 3-form gauge potential omnp- 

We will investigate the M2-brane dynamics in the framework of the following two types of 
embedding (A^ = constants) 

X»(t, C ) = A^ m = + + A£<r, X a (r, f ) = Y a (r), (3.5) 

and 

X»(T,e) = Al5 + A%o- + Y»(T), X a (T,C)=Y a (T). (3.6) 

Here, the embedding coordinates X m (t, £ j ) are divided into X M = (X^,X a ), where X^(t, £ l ) 
correspond to the space-time coordinates x^, on which the background fields do not depend 

d^gMN = 0, d^bMNP = 0. (3.7) 

In other words, we suppose that there exist commuting Killing vectors d/dx^, where n^ is 
the number of the coordinates x^. The two ansatzes - ()3.5|) and (j3.6j) . will be referred to as 
linear gauges and general gauges, in analogy with the name static gauge used for the embedding 
X m (i^ n ) £ m 

All formulas, necessary for our calculations in this section, are given in appendix. 
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3.1 Exact membrane solutions in linear gauges 

Comparing the M2-brane embeddings (|3.5j) and (|3.6|) . which we are going to explore, with the 
previously used ones ()2.1j) . (|2.3|) and (|2.4j) . one sees that only Q2.4I) is of the same type. Namely, 
it is particular case of 1)3. 5 j) . corresponding to {X^ = X°' 2,3 ,X a = X 1 ) 

A° = 1, A° = 0, A? = v^a, A 2 , = A 2 , = 0, A| = V2m, Ag = Af = 0, 
X 1 (r,5, ( T)=y 1 (r)=p(r). 

As far as classical membrane solution has been not given in [1], we begin with obtaining such 
solution, based on their ansatz ()2.4|) . Let us first write down the two actions - ()3.ip and (|3.2|) . 
for the case under consideration. To this end, we need to compute the induced metric (|3.4j) . It 
can be found by comparing (|3.3|) with (|A.2[) . for example. Its nonzero components are 

G 00 = -(2l p R) 2 (cosh 2 p- f> 2 ) , Gn = (2Z p i?)V sinh 2 p, G 22 = {2l p R) 2 m 2 sinh 2 p. 
Taking this into account, one receives 

S NG = -(2TT) 2 T 2 (2l p R) 3 am J dt sinh 2 p^cosh 2 p 
which reproduces the Nambu-Goto type action (J2.6|) . used in [I], for 

T 2 1 



P\ 



(2vr)2/3- 

Our action for this case is given by ()A.1|) . and it reads 

= ^^Jdt{p 2 + 



(A^) +(A 2 m) 
cosh 2 p - (2A°T 2 ) ' (2l p R) 2 a 2 m 2 sinh 4 / 



sinh 2 p (3i 



Since our membrane configuration is defined by (|2.4|) . the relevant background is (|2.5() . It 
does not depend on x° = t, x 2 = ^ and x 3 =1/^5, i.e. we have three commuting Killing vectors 
d/dt, d/dijj 2 and d/dip^. Correspondingly, the Lagrangian in ()3.8|) does not depend on x° = t, 
x 2 = ip2 and x 3 = 1P5. Therefore, the conjugated momenta Po = Pt, P2 = P$ 2 and P3 = P^ 5 are 
conserved. From (|A.5|) . one obtains the following explicit expressions for them 

P = cosh 2 p, P 2 = - V2a\ l{ ^f- sinh 2 p, P 3 = -V2m\ 2 ^f- sinh 2 p. 

For compatibility of the membrane embedding with the constraints (|A.3f) . the conditions 
(|A.6|) must be fulfilled. In the present case, they lead to P 2 = P3 = 0. This means that we have 
to work in the world volume gauge A* = 0. Then 

P 2 = P 3 = 0, Af P^ = 0, 

and the constraints (|A.3|) are also identically satisfied. 

In linear gauges, there is another consistency condition - (|A.7|) . which connect the membrane 
energy E with all the conserved momenta P^. For the embedding, we are considering, ()A.7|) 
just states that 

E = -VP = const. 
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Thus, in the framework of the ansatz (|2.4jl . the only nontrivial conserved quantity is the M2- 
brane energy. 

Finally, it remains to present the solution of the equations of motion (|A,9|) and of the 
constraint (|A.8|) . Our background ()2.5j) depends on only one coordinate - x 1 = p. In this case, 
as explained in the appendix, the constraint (|A.8|) is first integral for the equation of motion for 
p(r), and the general solution satisfying r (po) = To is given by ()A.19|) . For the case at hand, it 
reads 



t(p) =t + / dp 



(2ttI p R) 2 



cosh 2 p - (2A°T 2 ) 2 (2l p R) 2 a 2 m 2 sinh 4 



-1/2 



(3.9) 



Let us now try to find a membrane solution based on more general embedding of the type 
(|3.5|) . when the background seen by the M2-brane depends on two coordinates. To this end, we 
choose the following ansatz [X^ = X°' 3 ' 4 ,X a = X 1 ' 2 in our notations) 



X°(r,S,a)=t(r,S,a)=T, 
X 1 (r,S,a)=Y 1 (r)=p(r), 

X 2 (T,5,a)=Y 2 (T)=Mr), 

X 3 (t, 5, a) = Mr, 6, a) = k\8 + A 3 2 a, 

X 4 {t, 5, a) = Mr, 5, a) = AfS + k\a. 



(3.10) 



Comparing with (|2.2|) . one sees that the relevant background metric is 

ds 2 = (2l p R) 2 - cosh 2 pdt 2 + dp 2 + sinh 2 p (dip 2 + cos 2 ipidtpj + sin 2 fadijjf) . (3.11) 

For the above membrane configuration, our action (|A.lf) . in worldvolume gauge A* = 0, reads 

(2irl p R) 2 



S 



LG 



A° 



dl 



p 2 + ipi" sinh^ p — cosh z p 



■ 2 



(3.12) 



(2l p Ry (2X , T 2 A) sinh 4 p sin 2 cos 2 ^i 
A = A?A^-AfA3. 



The corresponding Nambu-Goto type action is 



S 



NG 



(2vr) 2 (2/pi?) d r 2 A / sinh 2 p sin ^ cos ^iV cosh 2 p-p 2 - Vi sinh 2 p. (3.13) 



According to ()A.5|) and (|A.7|) . the conserved quantities are given by 



E = -(2ir) 2 P 



2A° 



cosh p, P3 = P4 



0. 



The compatibility conditions (|A.6|) . and therefore - the constraints (|A.3|) . are identically satisfied. 
So, our next task is to solve the equations of motion (|A.9|) and the remaining constraint (|A.8|) . 
As far as the background 1)3.1 1|) is diagonal one, and depends on two coordinates, we can use 
the general expressions ()A.25)) and ()A.26)) for the first integrals of the equations ()A.21)1 . which 
also solve the constraint ()A.22)) . if the conditions ()A.23)) and (|A.24)) are satisfied. Let us check 
if this is the case. The conditions ()A.23)) are fulfilled, because they take the form 



_d_ 

dip] 



sinh p = 0. 
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Consequently, it remains to satisfy the conditions (|A.24|) . In the case at hand, they require, the 
right hand sides of (|A.25|) and (|A.26|) to depend only on Y 1 = p and Y 2 = tpi respectively. To 
see if this is true, let us write down the first integrals (|A,25|) and (|A.26|) explicitly 



4 a2 



(2l P R)p 



D2(p) 
sinh 2 p 



F{p) > 0, 



(2l p R sinhp) ip\ 



D 2 (p) + (2l p Rsmhp) 



D 2 {p) + (2lpRsmhpYU L (p,^ 1 
' X°E 



(3.14) 
(3.15) 



7T= 



(2l p R) z cosh 2 /) 



+ 



(2l p R) 2 (2X°T 2 A) 2 sinh 4 p sin 2 ^i cos 2 Vi | 



It is evident that the r.h.s. of the equation for p is a function only on p, while the r.h.s. of the 
equation for tp\ is not a function only on Hence, the second of the conditions ()A.24j) remains 
unsatisfied in the general case. There exists, however, a particular case, when it can be fulfilled. 
As long as the four parameters A 3,4 in our ansatz Q3.1UJI are still arbitrary, we can restrict them 
by the condition A = 0, and choose the arbitrary function D 2 (p) as 



D 2 ( P ) 



d 2 - (2l p Rsmhp) 2 



X°E 

(2l p R) 2 cosh 2 p 



7T- 



< 0, d 2 



const. 



In this way, the r.h.s. of (|3.15j) became a constant and all integrability conditions (|A.23j) . (|A.24|) . 
are satisfied. 3 

The same result may be achieved by setting the membrane tension T 2 = 0, instead of A = 0. 
In both cases, the solution of the equations (|3.14|) and ()3.15j) will correspond to a null membrane, 
because the determinant of the worldvolume metric is zero for this configuration. We note that 
such solution cannot be obtained by using the Nambu-Goto type action (|3.13|) . It is identically 
zero in this case, while the action (|3.12j) . which we are using, simplifies to 



nLG 



(2nlpRf 



J dt i^p 2 + ip\' sinh 2 p — cosh 2 p 



Let us turn to the more interesting case, when the M2-brane extends also on the S 4 -part of 
the AdSj x S 4 background. To this aim, we choose the following embedding of type (J3.5|) 4 



X°(t, S, a) = t(r, 5, a) = A° t + A?5 + A^, 

X 1 (r,6,a)=Y 1 (r)=p(r), 

X 2 (t, 5, a) = i)j 2 {t, 5, a) = Agr + A 2 <5 + A^cr, 

X 3 (t, 5, a) = ip 5 (r, 5, a) = A 3 t + Af 5 + A|ct, 

X\T,5,a) = Y\T)=a(T), 

X 5 (t, 5, a) = 6(t, 5, a) = A 5 t + Af 5 + A 5 2 a. 



(3.16) 



The background seen by the membrane is (ipi = 7r/4) 



ds z 



{2l p Rf 



cosh 2 pdt 2 + dp 2 + ]- sinh 2 p (di/jj + d^l) + j [da 2 + cos 2 add' 



(3.17) 



3 How the equations (13. 1411 and (13.1511 can be solved, we will explain on the example of the next case of 
membrane embedding, considered below. 



4 The M-theory background 3-form on S 4 is zero for this ansatz. 
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and in our notations X» = X°> 2 ' 3 > 5 ,X a = X 1 ' 4 . 

For the ansatz ()3.16[) and in accordance with (|A.7|) . the energy E is a linear combination of 



all conserved momenta P„ 



E = -(2tt)Xp m 



{ ^f< (Ag - X^Aj 



Actually, the compatibility conditions (|A.6|) . (|A.7|) . can be satisfied by expressing three of the free 
parameters through the others. If we choose to exclude Af , A| and Pq, the following equalities 
will hold 



A 



1 

2 ~Ws 



1 r A? (E + A 5 P 5 ) - D 02 P 2 - D 03 P 
A° 2 (E + A 5 Q P 5 ) - d 02 P 2 - d 03 P, 



P ° = -Jo( E + A o p 2 + A 3 P 3 + A 5 P 5 ) . 



Here 



n 



02 



A A 2 _ a2a0 
A A 1 A A 1> 



D, 



03 



A A 3 — A 3 A 
A A 1 A A 1> 



d 02 = A°A 2 - A 2 A° 2 , d 03 = A°A| - AqA^. 
Our next task is to solve the equations of motion (|A.21j) and the constraint (|A.22[) . where 

A a = 0, Qaa = (511)544), 

^-g - (2A°T 2 ) det (Af A^ v ) 



U 



(2ny 
2X°E 



+ {2l p Rf (a°T 2 ) 2 { [2 (A^ 2 + Ag 3 ) cosh 2 p - A^ 3 sinh 2 pi sinh 2 p 



1 

+ 2 



2Aq 5 cosh 2 p 



(A| 5 + Ai 5 ) sinh 2 /. 



cos 2 a 



and A 2 j, = (A^A^ — A^A^) 2 . Now, contrary to the previously considered case, we have enough 
freedom to satisfy the integrability conditions (|A.23|) and (|A.24|) . for arbitrary value of the 
membrane tension. To this end, we can choose 



A 2 5 + A 2 



35 



2A 



05; 



D 4 (p) =d-{l p Rf 



2X°E 



(l p R) 4 (4X°T 2 y 



2 (Aq 2 + Aq 3 ) cosh 2 p - A| 3 sinh 2 p sinh 2 p| < 0, 



where d is arbitrary constant. After this choice, the first integrals (jA.25j) and ()A.26|) of the 
equations of motion for p(r) and a(r) take the form 



(g llP ) 2 = -4D 4 (p) = $ x (p) > 0, 
( 544 d) 2 = d + {IpR f (4A°T 2 A 05 ) 2 cos 2 a = $4(0;) > 0. 
The general solutions of these equations are given by 



(3.18) 
(3.19) 



r{p) = (2l p R) 2 J -^=, r{a) = (l p R) 2 J 



da 
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From (|3.18fl and (|3.19j) . we can also find the orbit p = p(a): 



dp 



da 



3.2 Exact membrane solutions in general gauges 

In this subsection, we will consider several M2-brane configurations in the framework of the 
ansatz (j3,6j) . which corresponds to more general embedding than (|3.5j) . Now, the membrane 
coordinates X^(t, 5, a) are allowed to vary non-linearly with the proper time r. 

To begin with, let us take the most general ansatz of type (|3.6|) for the background (|2.5|) 

X°(t, 5, a) = t(r, 5, a) = A°<5 + A° 2 a + K°(r), 
X 1 (r,5,a)=Y 1 (T) = p(r), 

A 2 (r, 5, a) = Mt, 5, ct) = AlS + A 2 2 a + Y 2 (t), (3.20) 
X 3 (r, 6, a) = ^ (r, 5, a) = Afd + A 3 2 a + Y 3 (r) , 
j^ = A ' 2 ' 3 , x a = X\ 



The conserved momenta are given in (|A.12|) . and for our case they read 



Pn 



9iw_ 
2A° 



Y" 



VA* 



-yPo = ^£co S h^(rO_ A i A 



In particular, the membrane energy is 
E = -p 

The compatibility conditions (|A.13|) are satisfied for 

A? = ~ UlE - A 2 p 2 ) , A| = - (A°£ - A|p 2 ) , 



(3.21) 



(3.22) 



P3 



and the following relations between the conserved quantities can be also derived from them 



E 



^23 



A 



-P2 



23 



-P3- 



HIM 



*02 



The background 1)2. 5 Jl depends only on the p-coordinate. In this case, the general solution 
for the membrane coordinate p(r) is given by (|A.19|) . which for the case under consideration 
reduces to 



where 



W(p) 



t(p) =t + 



E 2 



1 



dp 



(4vr/ p i?) 4 



2A° J P0 ^W{p}' 

2(p£+P§)~ 



cosh p sinh p 



(IpRf 



02 



PA 



E 2 sinh 2 p — 2(p 2 + p 2 ) cosh 2 p sinh 2 p. 



To see the difference between the membrane solutions, obtained in the framework of different 
type of embeddings, one can compare the above result with (|3.9|) . Both solutions are for the 
same background 1)2.5)1 . 
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Working with the ansatz (|3.20() . we have to write down also the solutions for the remaining 
M2-brane coordinates X^, given in the generic case in (|A.20[) . These general solutions are as 
follows 



X°(p,8,a) =t(p,6,a) 



X 2 (p,5,a) = tp 2 (p,S,a) 



A? 



+ 



X 1 t(p)+6 
E 



+ A° 



X 2 t{ P ) + a 
dp 



A? 



(4irl p R) 2 J P0 cosh 2 p^/Wlp)' 
A 1 r(p) + 5] + A 2 2 [\ 2 t(p) + a 
2p 2 fP dp 



(4ttI p R) 2 J Po smh 2 Pv W{p)' 



X 3 (p, S, a) = fa(p, S,a) = -{ (A°£ - A 2 p 2 ) [aV( P ) + s] + (a° 2 E - A 2 p 2 ) [x 2 r(p) + a] } 



P3 
+ 



2P3 



dp 



(4irl p R) 2 J P0 sinh 2 p^W{p) ' 

The next M2-brane configuration, we will consider, is based on the most general ansatz of 
type (|3.6|) for the background ()3. 17f> 



X°(r,8,a) 

X 2 (r,S,a) 
X 3 (r,S,a) 
X 4 (r,6,a) 



X^ = X 



0,2,3,5 



t(r,S,a) = A 1 S + A 2 a + Y (r), 
Y\t) = P {t), 

Mr,S,a) = A 2 5 + A 2 a + Y 2 (r), 
^(T,5,a)=Al5 + A 3 2 a + Y 3 (r), 
Y\t) = a(r), 

9{T,5 : a) = A\5 + A\a + Y\t), 
X a = X 



(3.23) 



1,4 



The expressions for the conserved momenta, and in particular for the membrane energy are the 
same as in (|3.21(l and 1)3.22(1 . The compatibility conditions (|A.13|) are fulfilled identically, when 

A? = - (A?£ - A 2 p 2 - A 3 lP3 ) , A 2 = — (A° 2 E - A\p 2 - A|p 3 



P5 



As explained in appendix, we can now give three types of membrane solutions: when a 
is fixed, when p is fixed, and without fixing any of the coordinates a and p, on which the 
background (|3.17|) depends. In the first two cases, the formulas (|A.19)1 . ()A.2fl|) apply. In the last 
case, we can use (|A.25)1 and (|A.26|) . if we succeed to satisfy the integrability conditions (|A.23|) . 
(|A.24jl . In all these cases, the effective scalar potential U (p,a) is 5 



U A (p,a) 



(A ) 2 



{2-Kf{l p Rf 



E 2 



cosh p 
2 



2(p| + p|) 
sinh 2 p 



4pj 
cos 2 a 



+ 
+ 



[2l p R) A (a°T 2 ) { [2 (Ag 2 + Ag 3 ) cosh 2 p - A 2 23 sinh 2 p\ sinh 2 p 



2A 2 15 cosh 2 p 



A 2 5 + A 2 5 sinh 2 p 



cos 2 a 



For a 



a 



constant, one obtains the solution 

cp 



t (p) = T + 2l p R f P 
J pa 



dp 



U A (p,a ) 



5 The effective f-form gauge potential A A = 0. 
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X°(p,S,o-)=t(p,6,a)=A° 1 [x^p) + 6 

X°E 



+- 



A 2 r(p) + a 
dp 



{2n) 2 l p R J po cogh 2 p J U Afa aQ ) 



X 2 (p, 5, a) = Mp, S, a) = A 2 [a 1 t( /3 ) + 5 

2X°P2 



+ A 



+ 



X 2 r(p)+a 
dp 



X 3 (p, 5, a) = MP, S, a) = A\ [x l r{p) + 5 

2X°p 3 



+ 



(2tt) 2 I p R J po sinh 2 p ^u a (p,oq) 

X 2 t( P ) + a 
dp 



+ A 3 



(2tt) 2 I p R J P0 sinh 2 p Ju A {p, oq) 



X 5 (p, 5, a) = 9(p, S,a) = -{ (a\E - A 2 p 2 - A 3 lP3 ) [A 1 r(p) + 5 

+ (a°£ - A 2 2 p 2 - Alps) [X 2 r(p) + a] } 
2A°p 5 



+ {2n) 2 (l p R} 2 cos 2 a 
For p = po = constant, the M2-brane solution is 

da 



\t(p) - r ] 



r (a) = t + / p i? 



X°(a, 5, a) = t(a, 5, a) = A? Ix^a) + 5 



+ A° 



X 2 t(o) +a 



+ 



a: 2 


[a, 5, a) 


= ip2(a 




= A? 


AV(a) 


+ 6 


+ A 2 


A 2 r(a) + a 


a 3 


[a, 5, a) 


= ip 5 (a 


5, a) 


= A\ 


A 1 r(a) 


+ 5 


+ A 3 


A 2 r(a) + cr 



2A°£ [r(a) - r ] 
(47rZ p i?) 2 cosh 2 po 
4A°p 2 [r(a) - r ] 



+ 



+ 



(AnlpR) 2 sinh 2 p ' 
4A°p 3 [r(a) - r ] 



(AttI p R) 2 sinh 2 p ' 



AT 5 (a, 5, a) = 0(a, 5, a) = — { f A?£ - A 2 p 2 - A?p 3 ) [AV(a) + <5 

+ (a°£ - A 2 p 2 - A 3 ^) [A 2 r(a) + a] } 
2A°p 5 



+ - 



(2tt) 2 I p R 7 ao cog2 a /u A (p ,a) 



When none of the coordinates p and a is kept fixed, the conditions (|A.23|) . (|A.24|) will be 
fulfilled, if by using the arbitrariness of the parameters A^ and of the function D±(p), we choose 



A^5 + A^ = 2A 2 5 , 
D i (p) = d (Xi,) " 



(2*)' 



E 2 2{pi+pi) 



cosh 2 p sinh 2 p 



16(l p Rf (A°T 2 ) : 



2 (Aq 2 + Aq 3 ) cosh 2 p - A 2 3 sinh 2 p sinh 2 p < 
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where d is arbitrary constant. After this choice is made, the first integrals IJA.25J) and (|A.26|) of 
the equations of motion for p(r) and a(r) reduce to 



(gup) 



2 _ (2A°) 2 
- (2vr)4 



E 2 + 2(p 2 +p 2 ) 



cosh 2 p sinh 2 p 



+ 



(2l p Rf (A ] 



(3.24) 



2 Aq 2 + Aq 3 coslr p - A23 sinrT p smlr p - 4d = Fi(p) > 0, 



(544a) 2 = d + (Z pJ R) 6 (4A T 2 Ao 5 ) 2 cos 2 

The general solutions of the above two equations are 

dp 



a 



(2AV 



(2vr) 4 cos 2 a 



F 4 (a) > 0. (3.25) 



r(p) = (2l p RY 



, r{a) = (y?)' 



VHP) 

From (|3.24|) and ()3.25|) . one can also find the orbit p = p{a): 



da 



dp 



vAFl(p) J y/F& 



da 



(3.26) 



Now, we have to find the solutions for the remaining membrane coordinates X^. To this 
end, we will use (|A,16|) . i.e. the conservation laws for p„, which in our case read 



2AV 
(2vr) 2 



(g- i y U (p,a) + X i Af. 



Representing as 



Y^ = -^p + ^^a, 



dp da 
and using (|3.24|) and ()3.25j) . one obtains 

y/F\(pj dY^ ^fFj^dY^ _ 2AV 
(2l p R) 2 dp + (l p R) 2 da ~ J2nf 



(g- i y / (p,a) + \ i A?, 



This is a system of linear PDEs of first order, which general solution can be easily found. Its 
replacement in the ansatz ()3.23|) . leads to the following explicit expressions for the M2-brane 
coordinates X^ 



X°(p, a; 5, a) = t(p, a; 5, a) = A? X 1 r(p) + 8 

2\°E 



+- 



dp 



(2tt) 2 J cosh 2 p y/F\(p) 
X 2 (p, a; 5, a) = ^(p, a; 5, a) = A 2 X l r(p) + 5 

4\°p 2 f dp 



+ A 2 



+- 



(2tt) 2 J sinh 2 p-s/W(p) 



X 3 (p, a; 5, a) = ip 5 (p, a; 5, a) = k\ X 1 t( P ) + 5 



+ 



dp 



4A°p 3 

(2vr) 2 J sinh 2 p y r F\[p) 



X 2 r(p) + a 
: + f°[C(p,a)], 
X 2 t( P ) + a 
+ f 2 [C(p,a)], 
X 2 t{ P ) + a 
+ f[C(p,a)], 
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X 5 (p, a; 5, a) = 0(p, a; 5, a) = — { f A?E - k\p 2 - A?p 3 ) \\ l r(a) + 5 

) [\ 2 t{o) + a] } 



+ (A°£ - A^ - A|f^ 
2A°p 5 f da 



+ 



(2tt) 2 J cos 2 a^F^aj 



+ f[C(p,a)] 



where f^[C(p, a)] are arbitrary functions of C(p,a). In turn, C(p,a) is the first integral of the 
equation (|3,26|) , 
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Appendix A Generic formulas 

Here, we describe the membrane dynamics and find the corresponding solutions of the equations 
of motion and constraints, in the framework of the two ansatzes - (j3.5[) and ()3.6|) . 6 Initially, the 
background fields gMN(%) and omnp{x) are restricted only by the conditions (|3.7|) . 

A.l Membranes dynamics in linear gauges 

In linear gauges, and under the conditions (|3.7[) . the action 1)3. lj) reduces to (the over-dot is used 
for d/dr) 



dTL LG (r), V 



L LG (r) = ^{g ab Y^ + 2 



J d 2 i = J d5da, 
A£ - VAf ) 9fia + 2X°T 2 B al2 



+ 



[A* - A'Af ) (A£ - A' A?) 9ta , - (2A°T 2 ) det(Af A^) 
+4A°T 2 A^ Ml2 }, B Mn = bM^A-IK. 

The constraints derived from the lagrangian ()A.1|) are: 

g ab Y-Y" + 2 (A£ - A*Af ) g^Y* + (Aft - VA?) 
x (Ag - \*kf) ^ + (2A°T 2 ) 2 det(Af A^) = 0, 
A? \ giM Y" + (AS - A^'Aj) 



0. 



The lagrangian L does not depend on r explicitly, so the energy E is conserved: 

g ab Y-Yb - (AS - VAf) (AS - A^Aj) 9(iV + (2A°T 2 ) 2 det(Af A^) 
4A°£ 



-4A°T 2 AS^ 12 



constant. 



3 We use part of the results obtained in 0, for the particular case p = 2 (2-brane). 



(A.l) 



(A.2) 
(A.3) 
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With the help of the constraints (|A.2|) and (jA.3|) . one can replace this equality by the following 



one 



g^Y" + (Ag - A'A?) 9yv + 2A°T 2 S Ml2 ] = (A.4) 



In linear gauges, the momenta Pm take the form 

2\°P M = g Ma Y a + (a^ - A^'Aj) g Ml/ + 2X°T 2 B M12 . (A.5) 

The comparison of (jA.5j) with (|A.3|) and ()A.4|) gives 

A^P^ = constants = 0, (A-6) 
E 

AqP^ = — — = constant. (A. 7) 

Therefore, in the linear gauges, the projections of the momenta P^ onto A^ are conserved. More- 
over, as far as the lagrangian (|A.1|) does not depend on the coordinates X^, the corresponding 
conjugated momenta P^ are also conserved. 

The equalities (|A.6|) may be interpreted as solutions of the constraints (|A.3|) . which restrict 
the number of the independent parameters in the theory. 

Inserting (|A.4|) and ()A.3|) into ()A.2|) . we obtain the effective constraint 

g Qb Y°Y*=U L , (A.8) 



where the effective scalar potential is given by 

, 2 



U L = - (2A°T 2 ) det(Af A^) + (Aft - VAf ) (a& - A*A? 

E 
V 



+4A° T 2 A^i 2 + 



In the gauge X m = constants, the equations of motion following from L LG take the form: 
9abY b + T a ^ c Y b Y c = X -d a U L + 2d [a A\Y\ (A.5 

where 

^ = (a£ - A*Af) g afl + 2A°T 2 £ a 



12: 



is the effective 1-form gauge potential, generated by the non-diagonal components g aii of the 
background metric and by the components b aiiV of the background 3-form gauge field. 

A. 2 Membranes dynamics in general gauges 

We will use a superscript A to denote that the corresponding quantity is taken on the ansatz 
(j3.6|) . It is understood that the conditions 1)3. 7 j) are also fulfilled. 

Now, the reduced lagrangian obtained from the action 1)3.1)1 is given by 

L a {t) = [ 9M nY m Y n - 2 (A*ASVr - 2X°T 2 B N12 ) Y N 
+ A'AfA^A^ - (2A°T 2 ) 2 det(AfA^) 
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The constraints, derived from the above lagrangian, are: 

9 mnY m Y n - 2A < Afr /t ArY* + A<A? A^AJ^ + (2A°T 2 ) 2 det(Af A^) = 0, (A.10) 
Af (^jv^ - A'A^) = 0. (A.ll) 

The corresponding momenta are (Pm =Pm/V) 

2X°P M = g MN Y N - X j A u j9M u + 2X°T 2 B M i2, 

and part of them, P^, are conserved 

9lxN Y N - X j A u j9llu + 2X°T 2 B„ 12 = 2X°P fl = constants, (A.12) 

because L A does not depend on X^. From (|A. and (|A.12|I . the compatibility conditions 
follow 

AfP M = 0. (A.13) 

We will regard on (|A.13|) as a solution of the constraints (jA.llj) . which restricts the number of 
the independent parameters Af. That is why from now on, we will deal only with the constraint 

(KM- 

In the gauge X m = constants, the equations of motion for Y N , following from L A , have the 
form 

g LN Y N + T LMN Y M Y N = X -d L U in + 20^1^, (A.14) 

where 

U in = _ ( 2 A°T 2 ) 2 det(Af A^^) + VAf A^A^, 
^ = -A i Af^ + 2A°r 2J B iV12 . 

Let us first consider this part of the equations of motion (|A. 14j) . which corresponds to L = X. It 
is easy to check that they just express the fact that the momenta P^ are conserved. Therefore, 
we have to deal only with the other part of the equations of motion, corresponding to L = a 

9o,nY n + T a ,MNY M YN = ~d a U in + 2d [a A%Y*. (A.15) 
Our next task is to eliminate the variables Y^ from these equations and from the constraint 

(KM - To this end ' 

we will use the conservation laws (|A. 12|) to express through Y a . The 

result is 

Y» = (g- i y iP [2X°(P V - T 2 B vl2 ) - g ua Y"] + A'Af . (A. 16) 

By using l|A.16|) . after some calculations, one rewrites the equations of motion (|A.15|) and the 
constraint ()A.10|) in the form 

h ab Y b + Tl bc Y b Y c = l -d a U A + 2d [a A A Y b , 
h ab Y a Y b = U A , 
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ul2 



where a new, effective metric appeared 

Kb = 9ab ~ 9an{g' l T h '9ub- 
r^ fec is the connection compatible with this metric 

r a,6c = 2 (dbhca + c h ba - d a h bc ) . 
The new, effective scalar and gauge potentials are given by 

U A = - (2A°T 2 ) 2 det(Af K]g^) - (2A ) 2 (P„ - T 2 B„ 12 ) (g- 1 )^ {P v - T 2 B 
A A = 2A° [g atx (g-' 1 )'"' (P v - T 2 B vl2 ) + T 2 B al2 . 

A. 3 Solutions of the equations of motion 

The two cases of membrane dynamics considered so far, have one common feature. The dynamics 
of the corresponding reduced particle-like system is described by effective equations of motion 
and one effective constraint, which have the same form, independently of the ansatz used to 
reduce the membranes dynamics. Our aim here is to give their exact solutions. To be able to 
describe the two cases simultaneously, let us first introduce some general notations. 

We will search for solutions of the following system of nonlinear differential equations 

GabY b + Tl bc Y b Y c = X -d a U + 2d [a A b] Y\ (A.17) 
g ab Y a Y b =U, (A.18) 

where G ab , T^ bc , U, and A a can be as follows 

Gab = (g ab , K b ) , rj 6c = (r 0)6c , r£ 6c ) , u = (u l m a ) , A a = [At A A ) , 

depending on the membrane embedding. 

Let us start with the simplest case, when the background fields depend on only one coordinate 
X a = Y a (r). In this case the solution of (|A.17|) . compatible with l|A.18|) . is just the constraint 
()A.18|) . In other words, (|A.18|) is first integral of the equation of motion for the coordinate Y a . 
By integrating (|A.18|) . one obtains the following exact membrane solution 

r X a / 11 \ -1/2 

r(X a ) = T + — dx, (A.19) 



G, 



where tq and Xq are arbitrary constants. 

When one works in the framework of the general ansatz ()3.6|) . one has to also write down 
the solution for the remaining coordinates X^. It can be obtained as follows. One represents 
Y^ as 

= v a 

dY" • ' 

and use this and (|A~18l) in (lA~16l) . The result is a system of ordinary differential equations of 
first order with separated variables, which integration is straightforward. Replacing the obtained 
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solution for Y^(X a ) in the ansatz (j3.fi j) . one finally arrives at 
x ii( X a , f ) = A? [AV(X a ) + f 

2A°(P i ,-T 2J B t/1 



(A.20) 



+ 



x a 



-i 



-1/2 



/12J 



Let us turn to the more complicated case, when the background fields depend on more than 
one coordinate X a = Y a (T). If the metric Q a b is a diagonal one, then the effective equations of 
motion ()A.17|) and the effective constraint (|A.18|) can be rewritten in the form 



^-(GaaY a ) 2 -Y a d a {G aa U) 



0« 7F ISvbY 1 
Gbb 



4d [a A b] G aa Y b 



0, 



bjta 



u. 



(A.21) 



(A.22) 



To find solutions of the above equations without choosing particular background, we can fix 
all coordinates X a except one. Then the exact membrane solution of the equations of motion is 
given again by the same expression HA,19|) for r (X a ). In the case when one is using the general 
ansatz (|3.6|) . the solution ()A.20|) still also hold. 

To find solutions depending on more than one coordinate, we have to impose further restric- 
tions on the background fields. We cannot give a prescription how to solve the problem in the 
general case. However, we can give an example of sufficient conditions, which are fulfilled in 
many cases, and which allow us to find the first integrals of the equations of motion l)A.21|) . 
compatible with the effective constraint (|A.22|) . If we denote one of the coordinates Y a with Y r 
and Y a are the others, these conditions on the background can be written as 



A a — (A r , j\a) — {A r , 9 a f ) , 9 a 



0, 



d a (g rr Y r ) 2 = o, d r (g aa Y a ) 2 = o. 



(A.23) 
(A.24) 



By using the restrictions given above, one obtains the following first integrals of the equations 
(|A.21|) . which also solve the constraint ()A.22|) 



(QrX 



Grr 



(1 - n a )U - 2n a (Ar - d r f) Y r -J2 



D ( Y a ^ a 



F r (Y r ) > 0, (A.25) 



(G aa Y a ) 2 = D a (Y a * a ) + G aa [U + 2 (Ar - d r f) Y r ] = F a (y^ 3 ) > 0, (A.26) 



where n a is the number of the coordinates Y a , and D a , F r , F a are arbitrary functions of their 
arguments. 

Further progress is possible, when working with particular background configurations, allow- 
ing for separation of the variables in (|A.25|) and ()A.26|) . 
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